Stationary waves in a cylindrical jet of a viscous fluid are considered. It is shown that when the capillary pressure gradient of the term with the third derivative of the jet radius in the axial coordinate is taken into account in the expression, the previously described self-similar solutions of hydrodynamic equations arise. Solutions of the equation of stationary waves propagation are studied analytically. The form of stationary soliton-like solutions is calculated numerically. The results obtained are used to analyze the process of thinning and rupture of jets of viscous liquids.
Introduction
Modeling the capillary breakup of viscous fluid jets is an important task for many technical applications [1] [2] [3] [4] [5] [6] [7] [8] [12] [13] [14] [15] [16] . One of them is a liquid droplet radiator designed to remove low-grade heat from new-generation space power systems. The idea of droplet radiator consists in the radiation cooling of specially formed dispersed flow, which freely propagates in space [1] . The requirement of low evaporability is placed on the heat carrier of such radiators. All potentially suitable working fluids for use in space have sufficiently high viscosity. The regularities of the forced capillary disintegration of jets of such liquids were considered in [2] , where the dependence of the sizes of the main and satellite drops on the wave number of the initiating decay of the perturbation at different viscosity values was obtained. However, the results of experimental studies indicate that the capillary disintegration of highly viscous jets may be accompanied by the formation of not only satellite drops, but also subsatellites of small size [3] [4] [5] . One main drop may account for several subsatellites. Figure 1 shows photographs of the process of the formation of subsatellites in the gap between the pre-main drop and pre-satellite drop during the disintegration of the jet of vacuum oil BM1-C. An experimental study of the subsatellites formation is difficult by the small scale of the processes taking place: it is necessary to measure the radius of the decaying jet with an error of less than ∼ 10 −6 m with a frequency of approximately 1 MHz. Therefore, mathematical modeling is practically the only way to study the regularity of formation of subsatellites.
An analytical model of the formation of pre-subsatellites in a decaying jet of a highly viscous fluid was proposed in [6] , based on the description of the development of hydrodynamic instabilities of capillary flow in thin constriction connecting the pre-drops. The formation of pre-drop is associated with the multistability of solving the equation of thinning the constriction, and their shape is described by solving the nonlinear differential equation. The results of numerical calculations show that an initially regular structure of the waves, close to the analytically calculated one, is formed in the constriction. Thus, there is a complication of the structure and the loss of its regularity. In the present work, we investigate the phenomenon of hydraulic jump in a jet of a viscous fluid, which is one of the components of the process of destruction of the regular wave structure of the subsystems of subsatellites.
Equations of evolution of capillary disturbances in a jet
The capillary breakup of a cylindrically symmetric jet of a viscous Newtonian fluid was simulated. The calculation of the evolution of the wave structure of pre-subsatellites in the jet was carried out in cylindrical coordinates, the axis of which coincides with the axis of the jet, in dimensionless variables. For the dimensioning of the jet radius r, the velocity of fluid v and time t were used: the radius of the unperturbed jet r 0 : r = r r 0 ; the velocity v 0 = σ ρr 0 (σ and ρ are the surface tension and the fluid density, respectively): u = v v 0 ; and time t 0 = ρr 3 0 σ :
To describe the effect of viscosity, the Ohnesorge number was used, which is an analogue of the Reynolds number for capillary waves in the jet, determined using the ratio Oh = μ √ σρr 0 , where μ is the dynamic viscosity of the fluid.
In the approximation of long (compared with the jet radius) waves, the dimensionless hydrodynamic system of equations is written in the form
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where function L describes the dependence of the curvature of the jet surface on the coordinate. The derivation of Eqs. (2.1)-(2.2) from the Navier -Stokes system is given in [7] . The dynamic equation (2.1) expresses the momentum conservation law. The left-hand side of this equation contains the convective derivative of the velocity of jet substance. The term L expresses the action of capillary forces. The term of the equation which contains the Ohnesorge number expresses the action of viscous friction forces. The formula (2.2) is a continuity equation.
The present work is focused on phenomena which accompany the process of capillary breakup of jets. The experiment (see Fig. 1 ) shows that jet breakup occurs in two steps. At the first step pre-drops are formed. These pre-drops are connected with thin liquid threads ( Fig. 1 -I, Fig. 1-II) . At the second step the thin liquid threads break ( Fig. 1 -II- Fig. 1-IV) . It is known that the breakup of this threads can be described with patterns which are close to self-similar [8] . However, there are quite a lot of different suitable patterns. The pattern of choice depends on the ratio of inertia, friction, and surface tension forces.
When the Ohnesorge number of breaking jet is large enough, the inertia influence on the thread breakup is negligible. The flow dynamics is determined by surface tension and viscosity. As a result, the so-called Stokes self-similar solution takes place [9] . This solution is marked by symmetrical dependence r(x) relative to the point of jet breakup x * . The dependence is close to parabolic. In the case where inertia, viscosity and surface tension forces are comparable, the so-called universal self-similar Navies -Stokes solution takes place [9] . In this case the jet shape is asymmetrical relative to the breakup point.
In a number of papers (one can find references in detailed reviews [8, 9] ) these self-similar solutions were explored theoretically, where in order to simplify the solution, the following approximate equation of dependence of the curvature of the jet surface was used:
In [10] , the research on stability of universal self-similar Navies -Stokes solution is published. The shape of a fluid interface undergoes repeated instabilities arbitrarily close to breakoff. This behavior is the result of successive instabilities of the similarity solution. The similarity solution is unstable to finite amplitude perturbations, with critical amplitude going to zero at the singularity.
The stability analysis of the self-similar Stokes solution [11] , carried out with the value L calculated by Eq. (2.3), shows that there exists an infinite hierarchy of similarity solutions corresponding to pinchoff. Only one of the similarity solutions (the "ground state") is stable, all other solutions are linearly unstable to perturbations, and thus cannot be observed.
In [5] , instabilities of the self-similar Stokes solution were observed in the experiments on the capillary jet breakup of highly viscous liquids. Those instabilities could not be explained by the theory proposed in [11] . However, the instabilities led to the formation of subsatellites. One can describe the evolution of the instability by using the equation for dependence of the curvature of the jet surface which is more precise than (2.3). This equation is the following:
The breakup of the thread in between the pre-drops is characterized by complicated dynamics [5] . Firstly, nonlinear waves form at the well-formed self-similar Stokes solution. Secondly, these waves interact with each other. This interaction leads to the loss of regularity in wave structure. At the final step of jet breakup the area of self-similar jet constriction can form. The patterns of capillary flow in this area are different from both self-similar Navies -Stokes and Stokes solutions. A feature of the system of the development of capillary perturbations in the jet (2.1), (2.2), (2.4) investigated in this work is the inclusion of the second derivative of the jet radius in the curvature value of the jet surface L. Because of this, when calculating the capillary pressure gradient ∂ x L in Eq. (2.1), a term with the third derivative of the jet radius ∂ xxx r appears.
Self-similar solutions for jet refinement were described in a simplified case in [8] , when L = 1 r .
However, when the value of the Ohnesorge number is close to one, the inclusion of the value ∂ xxx r in Eq. (2.1) destroys these self-similar solutions and generates new self-similar solutions.
Numerical simulation of the evolution of the wave structure
The numerical solution of the system of Eqs. (2.1), (2.2), (2.4) was carried out by the finite difference method on an eight-point implicit scheme (for more on this, see [5] ). Below, when presenting the results, the time was counted from the moment of jet break t * . The value of the Ohnesorge number was assumed to be 0.75, and the wave number of the initiating capillary disruption of the perturbation was taken to be k = 2πr 0 λ = 0.2 (λ being the perturbation wave length). The initial condition for the jet radius was chosen in the standard form for the problem of simulating a forced capillary breakup:
where ε is the dimensionless amplitude of the perturbation, which was taken to be 0.05. The term of the equation containing the square of ε is introduced to keep the volume of the fluid constant. The velocity of the substance in the jet at the initial moment of time was taken to be zero. The calculation was carried out on the interval x ∈ [−λ/2, λ/2]. The wave structure of pre-subsatellites is formed in the vicinity of the connection of the thin constriction and the pre-drop. Figure 2 shows the dependence of the jet radius on the coordinate and velocity of the substance after the formation of pre-drops. Figure 2c shows that initially the wave structure has little effect on the jet velocity field. Figure 3 shows the results of calculations of the evolution of the wave structure of presubsatellites over time. As the amplitudes of the waves grow, on their crests and in the intervals between them, growing secondary waves are formed (Fig. 3b ). Before the moment of jet break, it is possible to complete several such iterations, which lead to the randomization of the wave structure (Fig. 3c ). It can be seen from the figures that in the region of loss by wave structure of regularity, a disturbance similar to the hydraulic jump is formed.
In numerical simulation, a slow evolution of the formed wave structures was observed. In the first approximation, they can be described as stationary waves.
A stationary wave in a jet of a viscous fluid
It was considered that a stationary wave with velocity c propagated in the jet. The velocity of the fluid before the wave front is equal to −v (see Fig. 4 ). The jet radius r → 1 as x → +∞. Taking the ratios (2.6) into account, integrating the resulting relation with respect to ξ yields the expression
where C 1 = const. Considering that r , r → 0, r → 1 as ξ → +∞, we obtain
Considering (3.1), Eq. (2.9) takes the form
The last relation describes the motion of a damped oscillator in the potential
The potential V , defined by (3.3), has a minimum in the vicinity of which the system's trajectory oscillates as α > α * ≈ 1.415. Figure 5 shows the characteristic form of the potential V (r), when it has a minimum, as well as the dependence of the position of the minimum on the value of α. For large values of α, the increase in the jet radius when the disturbance passes is small. But when the value of α is close to the critical α * , the jet radius can change several times. With large changes in the radius, a situation may arise in which one wave front oscillates and the other monotonously decreases. Note that the assumptions used in deriving relation (3.3) do not affect the equilibrium position of the system, but only affect the speed at which it is approached. The results of the analysis of Eq. (2.8), which approximately describes the solutions (2.7), indicate that there are solutions of model equations such as hydraulic jumps, which have the following asymptotics: as ξ → −∞, r → 1; r , r → 0; and as ξ → +∞, r → r * ; r , r →0.
A study of the stability loss of the stationary solution r = 1 of Eq. (2.7) was conducted. The dependence r(ξ) was represented as r = 1 + p(ξ), where p is a small deviation. In the linear approximation of the expansion in p, Eq. (2.7) takes the form p + 6Oh αp + p 2α 2 + 1 = 0.
(4.10)
Considering that p = p 0 exp(ξ), it is possible to get the equation
This equation has three roots: ω 1 = 0 and
Thus, Eq. (3.4) has only nonincreasing solutions.
, oscillating solutions arise in the system with wave number L equal to
When Oh < √ 2/3, the function L increases with an increase in the absolute value of α. For large values of the Ohnesorge number, the wave number decreases with increasing modulus α. Figure 6 shows the dependence of L on α for large (Oh = 0.7) and small (Oh = 0.1) values of the Ohnesorge number.
Note that, as α → ∞, not only the wave number of disturbances, but also the damping decrement of such waves increases: at wave length, their amplitude decreases by ∼ e 2π times.
When ω 1 , ω 2 , ω 3 are real numbers, the solution of Eq. (2.7) may be nonmonotonic. The specific type of solution is determined by the initial conditions. To solve the differential equation (2.7), it is necessary to set three initial conditions that can be interpreted as a jet radius before and after a hydraulic jump, as well as the maximum (if the jump occurs with the formation of a thickening area) or the minimum (in the opposite case) jet radius value. 
Numerical simulation of stationary waves
The numerical solution of Eq. (2.7) allows one to detect soliton-like structures. Figure 7a shows such a wave, obtained at: r(0) = 1, r (0) = −0.5, r (0) = −2, Oh = 0.75, α = 0.7. Figure 7b shows the dependence of the jet radius on the coordinate at the moment of time (t * − t) = 0.0003 (corresponds to Fig. 3c ). It can be seen that during the evolution of disturbances in the wave structure of pre-subsatellites, waves similar to the solitary wave shown in Fig. 7a are also formed. description, we have used the generalized dependence of the curvature of the jet on the radius:
Comparison of solutions of Eqs. (2.7) and (5.1) reveals their similar structure. At the same time, the perturbation wave lengths obtained by solving Eq. (5.1) are longer wave lengths (the ratio can reach 1.5).
Discussion of the results
It follows from (4.2) that, when Oh < √ 2/3, waves with a wave number k > 1 may appear in the jet. According to the classic Rayleigh results [12] , the jet surface is unstable when k < 1. The explanation of the formation of short waves can be based on the results of [13, 14] , which show that for k > 1 multimode surface disturbances with different frequencies and sufficiently high amplitudes increase. Apparently, it is also necessary to take into account the fact that the short waves described in this paper are in essence a dissipative structure that is formed at values of the velocity difference at which the possibility of applying Rayleigh's theory is doubtful.
The results of this work were obtained in the approximation of stationary waves. Previously, a similar approximation had been used to simulate the formation of periodic structures in thinning constrictions of viscoelastic polymeric liquids (for example, [15] ).
The study of the effect of capillary forces on the formation of hydraulic jumps was carried out earlier in a number of other publications, for example, in [16, 17] . In [16] , the distribution of fluid in a complex region formed by foam bubbles was investigated. A special feature of the flow was the negative curvature of the surface of the liquid, causing the occurrence of a hydraulic jump in it. In [17] , an analysis is made of the formation of circular thin-film hydraulic jumps that occur when the jet falls on a flat surface. In the case of small thickness of the propagating film, the action of gravity does not play a significant role in what is happening, and the formation of the hydraulic jump is due to the action of friction and surface tension.
In contrast to the publications listed above, this study shows the theoretical possibility of the existence of a hydraulic jump in a cylindrical jet of a viscous fluid. Mathematically, the formation of the jump is due to fact that the term with the third derivative of the jet radius with respect to the axial coordinate can be present in the expression of the gradient of capillary
